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Three main classes of digital trees

e Digital search trees (DSTs)

@ Tries

o PATRICIA tries
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Digital search trees (DSTs)

Ry = 000001 - - -
Ry = 000110 - -
Ry = 110111 --
R, =011011---
Rs = 100001 - - -
Rg = 111110 - -

u]
)
I

il
it
S
»
i)

Guan-Ru Yu (NCTU) Number of 2-Protected Nodes



N
Digital search trees (DSTs)

Ry = 000001 - - -

Ry = 000110 - -
Ry = 110111 --
R, =011011---
Rs = 100001 - - -
Rg = 111110 - -

Guan-Ru Yu (NCTU) Number of 2-Protected Nodes



Digital search trees (DSTs)

Ry = 000001 - - -
Ry = 000110 - -
Ry = 110111 --

Ry = 011011 - -- (Bs)

R5 = 100001 - - -
Rg =111110---
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Tries
Ry = 000001 - - -
Ry = 000110 --
Rs; =110111---
Ry =011011---
Rs = 100001 - - -
Rg = 111110~ - -
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PATRICIA tries

Ry = 000001 - - -
Ry = 000110~ - -
R3 =110111---
Ry =011011---
Rs = 100001 - - -
R¢ =111110---
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Random model

@ (In probability theory) A sequence of RVs is independent and
identically distributed (iid): same probability distribution and all are
mutually independent.

@ X1, Xy, ... is arandom string: X1, Xo, ... is an iid sequence of RVs
with P(X,, =0)=pand P(X,,=1)=¢:=1—p.

o A digital tree is a random digital tree of size n: constructed from n
infinite {0, 1}-random strings tries.
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Size
Size of digital trees: number of internal nodes.
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Size of digital trees: number of internal nodes.
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Size of tries
@ Mean: Knuth (1973).
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Size of tries

@ Mean: Knuth (1973).
@ Variance: Two groups independently.

e 1. P. Kirschenhofer and H. Prodinger: symmetric case (p = ¢ = 1/2)
with explicit expressions for involved constants and periodic functions
(1991).

@ 2. P. Jacquet and M. Regnier: general case (symmetric and
asymmetric case) but without explicit expressions for involved
constants and periodic functions (1988)

partial results on explicit expressions of involved constants and
periodic functions (1989).
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2-protected nodes

2-protected nodes: nodes that have distance at least 2 from leafs.

Guan-Ru Yu (NCTU)

Number of 2-Protected Nodes



NN
2-protected nodes

2-protected nodes: nodes that have distance at least 2 from leafs.

Guan-Ru Yu (NCTU)

Number of 2-Protected Nodes



NN
2-protected nodes in tries

e Mean: J. Gaither, Y. Homma, M. Sellke and M. D. Ward (2012).
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2-protected nodes in tries

@ Mean: J. Gaither, Y. Homma, M. Sellke and M. D. Ward (2012).
e Variance: J. Gaither and M. D. Ward (2013).

@ Some mistakes:

1. wrong error term.
2. forgot to pull out the average value.
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Number of 2-protected nodes in digital tree
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Number of 2-protected nodes in digital tree

digital search trees]

|2-protected nodes

|PATRICIA tries]|
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Number of 2-protected nodes in digital tree

|digita| search tmes}& R. R-X. Du and H. Prodinger (2012)]

|2-protected nodes

|PATRICIA tries]|
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Number of 2-protected nodes in digital tree

|digita| search tmes}& R. R-X. Du and H. Prodinger (2012)]

[J. Gaither, Y. Homma, M. Sellke and M. D. Ward (2012) |

mean

|2-protected nodes
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Number of 2-protected nodes in digital tree

|digita| search tmes}& R. R-X. Du and H. Prodinger (2012)]

[J. Gaither, Y. Homma, M. Sellke and M. D. Ward (2012) |

mean
|2-protected nodes| ’_\maither and M. D. Ward (2013)]

tries
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Number of 2-protected nodes in digital tree

|digita| search tmes}& R. R-X. Du and H. Prodinger (2012)]

[J. Gaither, Y. Homma, M. Sellke and M. D. Ward (2012) |

’_\/ some mistakes
|2-protected nodesi variance 5 Gaither and M. D. Ward (2013)]
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|PATRICIA tries]|
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Number of 2-protected nodes in digital tree
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Number of 2-protected nodes in digital tree

|digita| search tmes}% R. R-X. Du and H. Prodinger (2012)]

variance

C.-K. Lee (2014)
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Number of 2-protected nodes in digital tree

|digita| search tmes}% R. R-X. Du and H. Prodinger (2012)]

variance

C.-K. Lee (2014)

[J. Gaither, Y. Homma, M. Sellke and M. D. Ward (2012) |

’_\/ some mistakes
|2-protected nodes| tri Yariance [} G ither and M. D. Ward (2013)]

ries

conjecture

mean

variance

[PATRICIA tries}——{Uninown]
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Main goal of thesis

@ Re-derive (and correcte) the results of J. Gaither, Y. Homma, M.
Sellke and M. D. Ward by using the method of M. Fuchs, H.-K.
Hwang, and V. Zacharovas.
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@ Prove the conjectured central limit theorem.

@ Derive a bivariate central limit theorem of the number of internal
nodes and the number of 2-protected nodes in random tries. This
result contains the central limit theorem for PATRICIA tries.
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Main goal of thesis

@ Re-derive (and correcte) the results of J. Gaither, Y. Homma, M.
Sellke and M. D. Ward by using the method of M. Fuchs, H.-K.
Hwang, and V. Zacharovas.

@ Prove the conjectured central limit theorem.

@ Derive a bivariate central limit theorem of the number of internal
nodes and the number of 2-protected nodes in random tries. This
result contains the central limit theorem for PATRICIA tries.

@ Derive asymptotic expansions for the number of 2-protected nodes in
PATRICIA tries.
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Additive shape parameters

@ A general framework for obtaining asymptotic expansions of mean
and variance of additive shape parameter in random tries with explicit
expressions for periodic functions.
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Additive shape parameters

@ A general framework for obtaining asymptotic expansions of mean
and variance of additive shape parameter in random tries with explicit
expressions for periodic functions.

/\wllttlng/@\
n—1In
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Additive shape parameters

@ A general framework for obtaining asymptotic expansions of mean
and variance of additive shape parameter in random tries with explicit
expressions for periodic functions.

/\wllttlng/@\
n—1In

o By splitting the trie,

X L Xy, + X7, + T
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Main steps of the analysis

@ The first step is to take moments on both sides of the distributional
recurrence for X,,. This gives

an =Y Tnklar+an i)+ by
0<k<n

for all moments, where b,, is a function of moments of lower order.
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Main steps of the analysis

@ The first step is to take moments on both sides of the distributional
recurrence for X,,. This gives

an =Y Tnilar+ an_r) + bn
0<k<n

for all moments, where b,, is a function of moments of lower order.

@ The second step is poissonization. Let

f(z) = e_zzan%:, g(z) == e_Zanz—.

@ We have

F(2) = flpz) + faz) + 3(2).
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Main steps of the analysis

@ The third step is doing Mellin transform on both sides. Therefore

Mf () 5] = /0 " (o).
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Main steps of the analysis

@ The third step is doing Mellin transform on both sides. Therefore

Mf(2)s] = /0 " (o).

@ We have
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Main steps of the analysis

@ The third step is doing Mellin transform on both sides. Therefore

ﬂﬂﬂ@wy=éwfuw*wz

@ We have

A(eyis) = LD

@ The fourth step is using inverse Mellin transform

iy L [ A]G(z);8]7"
f(z)—ﬁ des

and applying the converse mapping theorem.
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Main steps of the analysis

@ The last step is depoissonization which is based on the Poisson
heuristic

f(n) =E(an) ~ ay.
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Main steps of the analysis

@ The last step is depoissonization which is based on the Poisson
heuristic

fn) =E(an) ~ ap.

@ To make this step precise, we use Cauchy's integral formula

n! —n—1_z ¢
ap = — z e“f(z)dz
" 271'7, |z|:r f( )

and the saddle-point method.
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Main steps of the analysis

@ The last step is depoissonization which is based on the Poisson
heuristic

fn) =E(an) ~ ap.

@ To make this step precise, we use Cauchy's integral formula

n! —n—1_z ¢
ap = — z e“f(z)dz
o f, e

and the saddle-point method.
@ All the above steps can be merged via

_nt AM1G(2); 5]
= omi 4 (1=p=*—q¢*)T(n+1-5s) ds.
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Poisson-Mellin-Newton cycle

Recurrence relat

ion

0<k<n

an= > T klar+an_g)+bn

Poisson generating function ‘
[7(z) = F(p2) + Fla=) + 3(2)]
Mellin transform ‘

AF(2);0] =

A[§(2); s]
— p—S — q—S

Inverse Mellin transform ‘

= 1
f@) = —

271

/ H5(=)is]=7°
+

1—p—S—q—s

Analytic de-Poissonization ‘

Guan-Ru Yu (NCTU)

n!
anp =

27

o zinilezf(z)dz
z|=r
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Variance
@ The definition of the variance is

V(Xn) = E(X;) — (E(Xn))*
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Variance

@ The definition of the variance is

V(Xn) = E(X) — (E(Xa))*.

e P. Jacquet and M. Regnier used the following

W(z) = fa(2) = fi2)?
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Variance

@ The definition of the variance is

V(Xn) =E(X]) — (E(Xn))*.

e P. Jacquet and M. Regnier used the following

W(z) = fa(2) = fi2)?

@ M. Fuchs, H.-K. Hwang and V. Zacharovas pointed out that a better
choice is

V(2) = fa(z) = fi(2)? = 2f1(2)*
We will make use of this in our analysis of 2-protected nodes in tries
and PATRICIA tries.
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2-protected nodes in tries

@ Recall: X, can be described by

Xo L Xy, + X7y + T
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2-protected nodes in tries

@ Recall: X, can be described by

Xo L Xy, + X7y + T

@ By splitting the trie,

x(T) 4 Xr(L?p . when I, =1 or I, =n —1;
! ( )+X( » ~+1, otherwise,

with initial conditions XéT) = X§T) = 0. So,

0, whenl,=1orl,=n—1;
T, = )
1, otherwise.
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Mean of 2-protected nodes in tries

o With yx; = 2{(")’;7; and %g% =7 and (r,l) =1, let

1 .
2D G4, if 228 e Q;

lo
ZI6)@) ={ "t .
0, if 052 ¢

log g
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Mean of 2-protected nodes in tries

o With yx; = 217(")’;7; and %2% =7 and (r,l) =1, let

1 .
2D G4, if 228 e Q;

log g
ZIG)(x) =4 " remioy
.r lo;
0, if % ¢ Q,
Theorem
We have

EXy)) pg+l-h
n - h

+ Z1G")(r1ogy ) + o(1),

where G (=1 + xx) = D(—1 + xi)xx(xxpg — pg — 1).
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Variance of 2-protected nodes in tries

Theorem
We have

(T) (T)

V(X Gy (=1

o) _ G CD 4 2160108/, +0(1).
where GgT)(—l + Xk) is

T3+ xk) (—273 Xk p2q?) + T (xk +2) (2p%q(1 4 p) 27Xk + 2pg® (1 + q) 27 Xk)

+T(xk + 1) (—3pg + 27 Xkpg — 271 7Xk) + T(xx) (1 — 2p(1 + p) Xk — 2q(1 + q) Xk)
D00 — 1) (1-27%) — o

T T
=06 = DG (G~ D=1+ xk-5)G1 (=1 + xk—j)
JEZ
—1)¢ p1+z+q1+e
+23 ( gu) 1 pltl — gi+t Ki(+xk — DE1(=1 = O+ xx)
>1 :
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Variance of 2-protected nodes in tries

Theorem (continued)

+2yn D o _sele e)q (pq(p +49)(€ = DD (e + €+ 1) + (1= £° +¢)(2pq +p~+?
£>2 é

+ q’”Q))F(Xk +0) + (@ +d)A -+ p7H 2+ 2O (ke + £ - 1))

and GgT) (=1) is
2p%q 2pq?

A+p2  A+0q?

Ky (-2 1— €4+ p 204 g t+2y _
+23 ( 1)e¢ (pe+qe)( - 1 +pgl — 3pq — p~ 12
>0 q¢ L6 —1)

2,2
1
—2pq—%+2p10g(1 +p)+2qlog(1+q)+§+h—210g2
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Variance of 2-protected nodes in tries

Theorem (continued)

_ -1 ¥4 p1+f +ql+£ 1
—q “2) +22 ) . 1+ZK1(€—1)K1(—1—€)—f(pq+1—h)2
>1 1—p* —gq h
1 drjm 2 2 <2ra’w>2 2 o
, p°q +g+1)%), if{EleqQ;
hlogpjglsinh(%zﬂg’f)< o7
1
0, if o2l ¢ Q.

Here, we set

B

Ki(s):==—=1+4pgs(s+1)—p °s—q °s
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Variance of 2-protected nodes in tries

Theorem (continued)

AR EV RN,
7“2) >+2Z —)_pTta Kl(f—l)Kl(—l—f)—%(PQ+1—h)2

1— p1+2 _ q1+£

2>1

1 drjm? 2rjm\ 2
o jz — <p2q2 <1 J > +(pq+1)2>, if 282 € Q;

08P =7 sinh (ITOJT;) ogp

log
0, logz ¢ Q
Here, we set
= —s

Ki(s):==—=1+4pgs(s+1)—p °s—q °s

@ Our expression is different from J. Gaither and M. D. Ward.
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Variance of 2-protected nodes in tries

Theorem (continued)

_ -1 ¥4 p1+f +ql+€ 1
M) +2Z ) T K1 DKi(-1—- ) — ~(pg + 1 - h)?
>1 l—p7*—gq h
1 drjm? 2 2 <2rjw>2 2 o
: pq +(pg+1)% ), if; 2L eQ;
hlogpjg1 sinh (21227;2) < log p log q
1
0, if =L ¢ Q.

Here, we set
S

Ki(s):==—=1+4pgs(s+1)—p °s—q °s

@ Our expression is different from J. Gaither and M. D. Ward.

@ We give an explanation why Abel summability gives the correct result
in the expression above.
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Central limit theorem

Theorem (CLT)
We have,
x - r(x{)

v(x)

45 N(0,1),

d e .
where — denotes convergence in distribution and N (0,1) is the standard
normal distribution.

v
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2-protected nodes in PATRICIA tries

e By splitting the PATRICIA trie,

X5/, when I, = 0 or n;
Xflp) 4 Xfi)l, when I,, = 1orn —1;
X}P) + X,(L )1 + 1, otherwise,
with initial conditions XéP) ( ) — = 0. So,
0, ifI,€{0,1,n—1,n};
Tn = .
1, otherwise.
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2-protected nodes in PATRICIA tries

e By splitting the PATRICIA trie,

XV(LP), when I, = 0 or n;
Xflp) 4 Xfi)l, when I, = 1 orn —1;
X}f) + X,(L )1 + 1, otherwise,
with initial conditions XéP) ( ) — = 0. So,

_ {0, if I, € {0,1,n — 1,n};

1, otherwise.

@ By the same analysis as for tries, we get the results of PATRICIA tries.
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Mean of 2-protected nodes in PATRICIA tries
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Mean of 2-protected nodes in PATRICIA tries

Theorem

We have )
E(X
B ) _ B0y 2167 logy ) +o(0)

where Ggp)(—l +xx) = pal'(xx +1).

@ Here, we have the following relationship between 2-protected nodes in
tries and PATRICIA tries via the number of internal nodes:

X =xT N, +n-1.
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Variance of 2-protected nodes in PATRICIA tries

Theorem
We have ) (P)
V(X Gy (-1
(Jf ) _ 2,f L4 6 1081/ m) + oD,

where Ggp)(—l + Xxk) is

T3+ xx) (—27°7%kp?¢?) + T(xx + 2) (20°q(1 +p) 27Xk + 2pg®(1 + q) 727Xk — 271" Xkpg)
+T(xk +1)(—3pg — 277Xk (1 4 2pg + p' Xk + ¢ 7Xk) + 2p(1 + q)(1 +p) ' ~X*
+2¢(1+p)(1+¢) 1 7%%) + (Dxr) + Tk — 1)) (2(1 + )Xk +2(1 + )t Xk — 217k

+ (1 — 28Xk ) (ph =Xk 4 gl =Xk) +22( ¢ J
£>2

<pq(p +4q°(-1)

T(xe+£+1)+ ((p‘ +¢°)(€ - 2pgt — p~F20 — =20 — 1) + 1) C(xx +£)
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Variance of 2-protected nodes in PATRICIA tries

Theorem (continued)

+(1-p =Tk +E—1 ) — 5 206 = DG (G~ D1+ x0—y)G (-1 + Xik—j)

jEZ

1 1+e+q1+
+2Z( o T 2 K1(¢+xk — DK1(=1 - OT(¢ + xx),
£>1
and Gép)(fl) is
P’ 9pq . 2p(14+q)  29(1+p)  2p’q 2pg*
4 2 1+p l+gq (1+p)?  (1+9)?
1)¢Kq(—¢ _ _
+227( pl_( )<(£+q)< Z+2—q“’2——[_1erqf—f’:pq)

£2>2
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Variance of 2-protected nodes in PATRICIA tries

Theorem (continued)

1)4 p1+e+q1+z p2q2
)+2 E 1+[ ql_HKl(f—l)Kl(—l—f)—T
£>1
1 4drjm? 2 2 (2"777)2 2 2 1o
pq° | —— ) +p°q if 1222 € Q;
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Here, we set K1(s) :== (pgs+1—p~ 5 —q %)(s+1).
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Bivariate central limit theorem

Theorem
We have

Cov(Nn, XS Hay(—1)

" " + F[H,(r logy /,, n) + o(1),

where

A (z) + GV (@) - 6P (=)
2

Hy(x)
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Bivariate central limit theorem

Theorem
We have
Cov(Na, X{)  Hy(-1) | _
mEn ) = 2 F(Hy](rlogy,n) + o(1),
where (T) () (P)
Gy + G, G5 ' (x
o) = B+ @) - 676)
Theorem
We have,
_ Nn - E(Nn) d
pImet 25 N(0, I
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Number of 2-protected nodes in digital tree

|digita| search tmes}% R. R-X. Du and H. Prodinger (2012)]

variance

C.-K. Lee (2014)

[J. Gaither, Y. Homma, M. Sellke and M. D. Ward (2012) |

’_\/ some mistakes
|2-protected nodes| tri Yariance 3G ither and M. D. Ward (2013)]

ries
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mean

variance

[PATRICIA tries——{Uninown]
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Number of 2-protected nodes in digital tree

|digita| search tmes}% R. R-X. Du and H. Prodinger (2012)]

variance

C.-K. Lee (2014)

[J. Gaither, Y. Homma, M. Sellke and M. D. Ward (2012) |

mean some-mistakes

tries variance IJ. Gaither and M. D. Ward (2013)|

|2-protected nodes|
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G.-R. Yu (2014)

mean
variance
5 CLT
[PATRICIA tries|——{6-R vu (2014)]
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Thanks for your attention!
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