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Introduction

All graphs considered in this thesis are simple and connected
graphs. For a graph G of order n, we use E(G) as its edge set and
V (G) as its vertex set, usually V (G) = [n] = {1,2, ..., n}. For an n × n
real symmetric matrix A, Γ(A) represents the graph such that
ij ∈ E(Γ(A)) if and only if the ij-th entry of A is not zero, indicating that
the matrix A is associated with Γ(A).
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Matrices associated with graph G

.
Example
..

......

The 4 × 4 matrix A is associated with Γ(A).

A =


1 1/5 −1 0

1/5 0 1 0
−1 1 −4 2
0 0 2 0


1

2

3 4

Γ(A) : t
t
t t

Note that the diagonal entries do not need to be 0.
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The minimum rank of a graph G, denoted by m(G), is defined to
be the integer

m(G) = min{rank(A) : Γ(A) = G},

where the minimum is taking over all n × n symmetric matrices A.
The minimum rank of G is related to the maximum nullity of G,
denoted by

M(G) = max{nullity(A) : Γ(A) = G}.

It is well-known that m(G) + M(G) = n for all graphs.
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.
Color-change rule
..

......

1 Initial configuration
2 Color-change rule
3 Zero-forcing set

The minimum size of a zero-forcing set of G is denoted by Z (G).
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Notation

Let G be a simple connected graph, x , y ∈ V (G), i , j ∈ N, and a

column vector w ∈ Rn. We use the following notations:

...1 x ∼ y means that x is a neighbor of y .

...2 G1(x) denotes the set of the neighbors of vertex x ∈ G.

...3 |G| denotes the order of graph G.

...4 [i , j] = [j]− [i − 1] = {i , i + 1, · · · , j − 1, j}.

...5 supp(w):= {i ∈ N| the i-th entry of w is not zero }.
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Known Result

.
Lemma..
...... If H is an induced subgraph of G, then we have m(H) ≤ m(G).

.
Theorem (M. Fiedler 1969)
..

......

Let A be a symmetric matrix of order n. Then the following (i)-(ii)
are equivalent.
(i) rank(A + D) ≥ n − 1 for any diagonal matrix D.
(ii) Γ(A) = Pn.
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.
Example
..

......

The following matrix P satisfies Γ(P) = Pn, and rank(P) = n − 1.

P =


1 1 0
1 2 1

1
. . . . . .
. . . 2 1

0 1 1


On the aforementioned Theorem and Example, we know that Pn is

the unique graph with minimum rank n − 1 among all graphs of order n.
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Here we can determine the minimum rank of the graphs with order
n, which has an induced subgraph Pn−1.

.
Lemma..

......
If a graph G of order n is not a path and contains an induced

subgraph Pn−1, then m(G) = n − 2.

.
Lemma..
...... The minimum rank of Cn is n − 2.
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.
Example
..

......

The matrix At = (aij) defined as follows satisfies Γ(At) = Ct with
rank(At) = t − 2.

aij =



2, if i = j and i , j /∈ {1, t − 1, t};
1, if i = j , i , j ∈ {1, t − 1};

t − 2, if i = j = t ;
1, if |i − j | = 1;

(−1)t−1, if (i , j) = (1, t) or (i , j) = (t ,1);
0, otherwise.

At =



1 1 (−1)t−1

1 2 1

1
. . . . . .
. . . 2 1

1 1 1
(−1)t−1 1 t − 2


(∗)
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.
Proposition
..

......
For a cycle Cn, the set of any two adjacent vertices is a

zero-forcing set.

.
Proposition (AIM MinimumRank-Special Graphs Work Group
2008)
..
...... Let G be any graph. Then M(G) ≤ Z (G).

.
Theorem (AIM MinimumRank-Special Graphs Work Group
2008)
..

......

For each of the following families of graphs, Z (G) = M(G)

1 Any graph G such that |G| ≤ 6.
2 Kn,Pn,Cn.
3 Any tree T .
4 All the graphs listed in Table 1.
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Table1
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Add a vertex n to Cn−1
.
Proposition
..

......

Suppose that there is exactly one edge which joins n to some
vertex x ∈ Cn−1. Then the minimum rank of the new graph G′ is n − 2,
and M(G′) = Z (G′) = 2.

..

n

.
x

.
y

.
G′
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.
Proposition
..

......

Let x , y ∈ V (Cn−1) and x ∼ y . If there are exactly two edges
incident on n such that n ∼ x and n ∼ y , then the minimum rank of this
new graph G′′ is n − 2, and M(G′′) = Z (G′′) = 2.

..

n

.
x

.
y

.
G′′
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Let G3 be a graph of order n. G3 is obtained by adding a vertex n
and two edges to a cycle Cn−1, and the vertex n is adjacent to two
vertices which have distance 2.

..

x

. n.

z

. y.G3

(NCTU) The Minimum Rank of Buds August, 2, 2014 16 / 31



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

Before we discuss the situations of G3, we define four types n × n
matrices W ,X ,Y ,Z as follows.

1. When n = 4k + 1, k ∈ N,

wij =


1, if one of i , j is 1, and the other is n − 1 or n ;
1, if (i , j) = (3,n) or (i , j) = (n,3) ;
1, if |i − j | = 1, ∀i , j < n ;
0, otherwise.

W =



0 1 1 1
1 0 1 0

1
. . . . . . 1
. . . . . . 1

1 1 0 0
1 0 1 0 0


.
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2. When n = 4k + 2, k ∈ N,

xij =



1, if one of i , j is 1, and the other is n − 1 or n ;
1, if (i , j) = (3,n) or (i , j) = (n,3) ;
1, if |i − j | = 1,∀i , j < n − 1 ;
1, if i = j , i , j ∈ {1,n − 2,n − 1} ;
−1, (i , j) = (n − 2,n − 1) or (i , j) = (n − 1,n − 2) ;
0, otherwise.

X =



1 1 1 1
1 0 1 0

1
. . . . . . 1
. . . 0 1

1 1 −1
1 −1 1 0
1 0 1 0 0


.
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3. When n = 4k + 3, k ∈ N,

yij =


1, if one of i , j is 1, and the other is n − 1 or n ;
1, if (i , j) = (3,n) or (i , j) = (n,3) ;
1, if |i − j | = 1,∀i , j < n − 1 ;
−1, (i , j) = (n − 2,n − 1) or (i , j) = (n − 1,n − 2) ;
0, otherwise.

Y =



0 1 1 1
1 1 0

1
. . . . . . 1
. . . . . . 1

1 −1
1 −1 0 0
1 0 1 0 0


.
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4. When n = 4k + 4, k ∈ N,

zij =



1, if one of i , j is 1, and the other is n − 1 or n ;
1, if (i , j) = (3,n) or (i , j) = (n,3) ;
1, if |i − j | = 1,∀i , j < n − 1 except i + j = 9 ;
1, if i = j , i , j ∈ {1,4,n − 1} ;
−1, (i , j) = (n − 2,n − 1) or (i , j) = (n − 1,n − 2) ;
−1, (i , j) = (4,5) or (i , j) = (5,4) ;
0, otherwise.

Z =



1 1 1 1
1 0 1 0

1 0 1 1
1 1 −1

−1 0 1

1
. . . . . .
. . . 1

1 0 −1
1 −1 1 0
1 0 1 0 0


.
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.
Lemma..

......
The rank of the above-mentioned four n × n matrices W ,X ,Y ,Z

are at most n − 3.

.
Theorem..

......
The minimum rank of the graph G3 is n − 3, and M(G3) = Z (G3)

= 3.

..
n

.
x

.

y

.G3 .
z
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.
Lemma..

......

For all n ∈ N, let An be the n × n symmetric matrix defined as
follows.

An =



1 1 (−1)n−1

1 2 1

1
. . . . . .
. . . 2 1

1 1 1
(−1)n−1 1 n − 2


(∗)

Thus for any subset S ⊆ [n] such that |S| > 2, there exists a vector u
such that supp(u) ⊆ [max(S)− 1] and supp(Anu) = S.
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Now suppose S = {t1, t2, ..., tk} ⊆ [n], k ≥ 3, and t1 < t2 < · · · < tk .

An



u1
...

utk−1
o
...
0


=



x1
x2
...
...

xn−1
xn


, where xi =

{
̸= 0, i ∈ S,
= 0, otherwise.
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.
Theorem..

......

If G is a graph of order n which are obtained by adding a vertex n
and at least three edges to a cycle Cn−1, then the minimum rank of G
is n − 3, and M(G) = Z (G) = 3.

.
Proof...

......

Let An−1 be the (n − 1)× (n − 1) matrix defined as the matrix (∗). We
can choose a vector u ∈ Rn−1 such that supp(An−1u) = G1(n). Thus
the following matrix B satisfies rank(B) = n − 3 and Γ(B) = G.

B =

[
An−1 An−1u

uT An−1 uT An−1u

]
n×n
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Buds

.
Definition..

......

For integers m < n, let Bn,m be a class of graphs G with vertex set
V (G) = [n] satisfying the following axioms:

...1 The subgraph of G induced on [n − m] is a cycle Cn−m, and the
subgraph induced on [n] \ [n − m] has no edge.

...2 Let 1 = t0 < t1 < t2 < · · · < tm = n − m + 1, and tj − tj−1 > 2, for
all j ∈ [m]. Let Si = G1(n − m + i), where i ∈ [m]. Then |Si | ≥ 3
and Si ⊆ [ti−1, ti − 1].

The graph G ∈ Bn,m is called a Bud based on [n − m].
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..

G

G ∈ B16,3;G is based on [13].
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.
Theorem..
...... If G ∈ Bn,m, then m(G) = n − m − 2.

.
proof
..

......

Let C = [u1u2 · · · um], then

B =

[
A AC

CT A CT AC

]
.

Hence rank(B) =rank(B[[n − m]|[n]]) = n − m − 2.

.
Corollary
..
......If G ∈ Bn,m, then M(G) = Z (G) = m + 2.
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.exam..

......

Let G be a graph in B10,2 base on [8] such that G1(9) = {1,2,4},
G1(10) = {6,7,8} as in the following figure.
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tG :

1

2

3

4

5

6

7

8

9

10
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Here we precisely give a matrix B associated with G and the rank of B
is 6. Let S1 = {1,2,4},S2 = {6,7,8} and A8 be the matrix defined in
(∗). Choose u1 = (0,2,−1,0,0,0,0,0)T ,
u2 = (−1,1,−1,1,−1,1,0,0)T , C = [u1u2]. Then the following matrix
B is associated with G and rank(B) = 6.

B =

 A8 A8C

CT A8 CT A8C

 =



1 1 0 0 0 0 0 −1 2 0
1 2 1 0 0 0 0 0 3 0
0 1 2 1 0 0 0 0 0 0
0 0 1 2 1 0 0 0 −1 0
0 0 0 1 2 1 0 0 0 0
0 0 0 0 1 2 1 0 0 1
0 0 0 0 0 1 2 1 0 1
−1 1 0 0 0 0 1 6 0 1
2 3 0 −1 0 0 0 0 6 0
0 0 0 0 1 1 1 1 0 1


.
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Conjecture

.
Conjecture
..

......

Let x , y ∈ V (Cn−1) with x � y . If there are exactly two edges
incident on n such that n ∼ x and n ∼ y , then the minimum rank of this
new graph is n − 3, and the maximum nullity and the minimum size of
zero-forcing set are equal to 3.

.
Conjecture
..

......

If G is a graph obtained by adding a vertex and some edges to a
cycle Cn−1, then the maximum nullity of G is equal to the minimum size
of a zero-forcing set of G.
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Fallat, C. Godsil, W. Haemers, L. Hogben, R. Mikkelson, S.

Narayan, O. Pryporova, I. Sciriha,W. So, D. Stevanović, H. van der
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